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Abstract
In the present work an electron impact ionization cross section is considered.
The electron impact ionization cross section is calculated with the help of
a variable phase approach to potential scattering. The Calogero equation is
numerically solved, based on a pseudopotential model of interaction between
partially ionized plasma particles, which accounts for correlation effects. As a
result, scattering phase shifts are obtained. On the basis of the scattering phase
shifts, the ionization cross section is calculated.

PACS numbers: 34.80.Dp, 52.25.Jm, 52.20.j

(Some figures in this article are in colour only in the electronic version)

1. Introduction

Plasma is widely used in different technical applications, such as MHD generators, gas-phase
nuclear reactors and gas discharges. There are some natural objects where nuclear fusion
reactions take place, namely, stars. In such strongly coupled systems, the collective and
quantum-mechanical effects play an important role.

In the present work the electron impact ionization cross section is considered. There are
various approaches to the consideration of the ionization process. One of these is the classical
method, introduced by Thompson [1]. According to the Thompson model, the ionization
process is considered as a collision of two electrons, interacting through the Coulomb potential,
one of them collides with the atom’s stationary electron. The ionization process in this model
is considered with the help of classical motion equations under the assumption that the minimal
imparted energy must be equal to the ionization energy of the atom. In contrast to the Thomson
model, the Gryzinski model [2] takes into account the velocity dependence of a bound electron
with the help of a semi-empirical distribution function. The results of the Gryzinski model
give a good qualitative representation of the ionization process.
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In most cases, the ionization of an atom is treated as an isolated event. In reality, the
presence of other particles (surrounding) should be taken into account.

The scientific goal of the paper is to account for the surrounding and phase shifts during
our consideration of the ionization process.

It is very important to select a correct, sufficient model of interaction between plasma
particles involved in the process, during the consideration of elementary processes. In most
cases, the Coulomb potential is taken to describe the interaction between the impact particle
(electron) and the atom. In the present work the influence of the surrounding on the process
of ionization is taken into account through the pseudopotential of interaction between plasma
particles.

Taking into account correlation effects and quantum mechanical properties of interacting
particles leads to modification of potentials of interparticle interactions [3, 4]. In the work [5]
the pseudopotentials are evaluated based on a BBGKY (Bogolyubov–Born–Green–Kirkwood–
Yvon) hierarchy in the pair correlation approximation.

In [6], we have obtained the ionization cross section with the help of classical and
quantum mechanical methods in the Born approximation. It has been shown that in the case
of correlation effects being accounted for with the help of interparticle interaction potential,
the obtained ionization cross section has its maximum at E ≈ 3Ei (Ei is the ionization energy).
The results of calculations are in satisfactory agreement with experimental data and the results
of authors who used different models of interaction.

2. System parameters

In the framework of this paper the partially ionized hydrogen plasma, which consists of free
electrons (with mass me, charge −e, concentration ne), free protons (with mass mp, charge
e, concentration np) and atoms (with mass mn, concentration nn), is considered. A typical
partially ionized plasma also contains hydrogen molecules but we neglect their presence.

Number density is considered in the range of n = ne + np = 1020−1024 cm−3, and the
temperature domain is 103−107 K. The average distance between particles is

a =
(

3

4πn

)1/3

,

where n = ne + np. The density parameter is rs = a/aB (aB = h̄2/mee
2 is the Bohr radius),

h̄ is Planck’s constant. The intensity of interaction between plasma particles is defined by the
coupling parameter � = e2/akBT , where kB is the Boltzmann constant, and T is the plasma
temperature.

It is worth noting that the plasma state can be fully described by these two dimensionless
plasma parameters: coupling parameter and density parameter.

3. Numerical solution of the Calogero equation for phase shifts

In a common case, the scattered wave is not a plane wave. It is necessary to take into account
phase shifts. One has to solve the Calogero equation to evaluate the phase shift [7]:

d

dr
δab
l (r) = −2μab

h̄2k
�ab(r)

[
cos δab

l (r)jl(kr) − sin δab
l (r)nl(kr)

]2
(1)

with initial condition δab
l (0) = 0. Here δab

l (r) is the phase shift of the scattering process
(a and b are the particle sort indices); Jl (kr) and nl (kr) are the Bessel functions of the first and
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Figure 1. Dependence of the electron–atomic phase shift on the dimensionless interparticle
distance (rs = 5, � = 1 and K = ka = 8). Red curve (1), l = 0; green curve (2), l = 1; blue curve
(3), l = 2.

second kinds correspondingly; E = h̄2k2/2μab is the relative kinetic energy of the interacting
particles with reduced mass μab = mamb/(ma + mb); �ab is the potential of interaction.

The Calogero equation (1) is numerically solved, based on the pseudopotential model
of interaction between the partially ionized hydrogen plasma particles, which accounts for
correlation effects. The results of calculations are represented in figure 1.

Phase shifts are weakly dependent on the coupling parameter. At the same time, in the
case of a fixed coupling parameter and the reduction of the density parameter, the phase
shifts slightly increase. This fact indicates the decay of the correlation effects’ influence on
the scattering process. In all cases, phase shifts decrease with increase of quantum number
l, because increase of quantum number l, by fixed energy of impact electron, signifies the
increase of the impact parameter.

4. Ionization cross-section calculation: variable phase approach

The differential cross section is determined as follows:

dσ = |f (θ)|2 d�. (2)

In expression (2), the scattering amplitude f (θ ) can be calculated through phase shifts with
the help of the following formula:

f (θ) = 1

2iK

∞∑
l=0

(2l + 1)[e2iδl (∞) − 1]Pl(cos[θ ]), (3)

where Pl(cos[θ ]) is the Legendre polynomial of the l order; δl(∞) is the phase shift in the
infinite distance [8, 9]. It is worth noting that summation over l in the expression (3) is
done until l = 20 and the phase shift in the infinite distance δl(∞) is determined at R = 14,
where the phase shifts have a constant value (figure 1). The result of numerical calculations
of the differential cross section is represented in figure 2.

The energy exchange between impact and bound electrons is taken into account through
the energy conservation law [3, 4]. One can easily obtain the following expression, which
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Figure 2. Dependence of the differential cross section on a dimensionless wave vector of the
impact electron (rs = 5 and � = 1).

Figure 3. Dependence of the ionization cross section on a dimensionless wave vector of impact
electron and on the density parameter (� = 1).

determines the dependence of minimal scattering angle on ionization energy:

	Ek = Ei ⇒ Ei = Ek sin2

[
θmin

2

]
,

θmin = 2 arcsin

[√
Ei

Ek

]
.

(4)

Corresponding to the Thompson model, the differential scattering cross section (2) is used
for ionization cross-section calculations. During the ionization cross-section calculation the
lower limit of solid angle integration has to be replaced by a minimal angle, determined
by (4):

σi = 2π

∫ π

θmin

dσ sin[θ ] dθ. (5)

The result of numerical calculations is represented in figure 3.
As is shown in figure 3, decrease of the density parameter rs leads to increase of the

ionization cross section maximum, in the case of the fixed coupling parameter �. First,
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Figure 4. The comparison graph of the obtained ionization cross section (solid red curve; rs =
5 and � = 1) with the corresponding results of Thompson (thin blue curve), Gryzinski (dashed
yellow curve), experimental data (point).

Figure 5. Comparison graph of calculated results (solid red curve: rs = 5 and � = 1) with the
corresponding results of Gryzinski (thin blue curve), experimental data [11] (point), results of other
authors [10] (dashed pink curve).

decrease of the density parameter rs signifies increase of the scattering centers (atoms). Second,
decrease of rs leads to increase of the plasma density around interacting particles, i.e. increase
of surrounding’s influence on the ionization process. Apparently these facts lead to increase
of the ionization probability.

5. Comparison with experimental data and results of other authors

The comparison of obtained results of the suggested model of interaction between the
electron and the atom with results of other authors and experimental data is represented in
figures 4 and 5. A comparison graph of the obtained ionization cross section with the
corresponding results of Thompson [4], Gryzinski [5], and experimental data of Fite and
Brackmann, represented in work [8], is shown in figure 4. Within this work, the ionization
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occurs as a result of collision of two crossed beams of electrons and hydrogen atoms in the
vacuum chamber.

In figure 5, the obtained results are compared with the results of [10] and [11]. In [10] the
suggested model combines the binary-encounter theory with the dipole interaction of the Bethe
theory for fast incident electrons. Within this model, the differential cross section for each
subshell is calculated using the binding energy, average kinetic energy and the differential
dipole oscillator strengths for that subshell. Then the singly differential cross section is
integrated over the ejected electron energy to obtain the total ionization cross section. In [11],
a pulsed crossed-beam technique incorporating time-of-flight spectroscopy has been applied
to measurements of the electron impact ionization cross sections of atomic hydrogen.

From these graphs, one can easily conclude that accounting for the plasma surrounding
leads to qualitative changes in the energy dependence of the ionization cross section. First,
the curve has a rapid slope at the high energies under all acceptable values of � and rS. If one
compares the computed cross section with the corresponding results of our previous work [6],
one can conclude that the account of phase shifts leads to a rapid slope at the high energies
of the ionization cross section. At the same time, the position of the maximum is in the same
area of energies, in agreement with the results of other authors and experimental data.

6. Summary

We have calculated an ionization cross section with the help of a variable phase approach based
on the model of interaction between plasma particles, which takes into account the plasma
surrounding. It has been shown that accounting for the surroundings leads to some qualitative
changes in the energy dependence of the obtained ionization cross section. We believe that one
has to take into account the influence of the plasma surroundings during elementary process
consideration.
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